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DEKOMPOZYCJA LINIOWYCH DODATNICH UK ADÓW 
DYSKRETNYCH NIECA KOWITEGO RZ DU 

Podana zastanie metoda dekompozycji nieosi galnych dodatnich uk adów dys-
kretnych nieca kowitego rz du na cz  osi galn  i nieosi galn . Sformu owane 
i udowodnione zostan  warunki tej dekompozycji uk adu nieosi galnego na cz  
osi galn  i nieosi galn . Zaproponowana zostanie procedura dekompozycji a jej 
skuteczno  zostanie zilustrowane przyk adami numerycznymi.  
DECOMPOSITION OF THE POSITIVE FRACTIONAL DISCRETE-TIME 

LINEAR SYSTEM 
The decomposition of  unreachable positive fractional discrete-time linear sys-
tems into the reachable and unreachable parts is addressed. Conditions for the 
decomposition of the unreachable system into reachable and unreachable parts 
are established. A procedure for the decomposition is proposed and illustrated by 
numerical examples 

1. INTRODUCTION 
In positive systems inputs, state variables and outputs take only non-negative values. Exam-
ples of positive systems are industrial processes involving chemical reactors, heat exchangers 
and distillation columns, storage systems, compartmental systems, water and atmospheric 
pollution models. A variety of models having positive linear behavior can be found in engi-
neering, management science, economics, social sciences, biology and medicine, etc. An 
overview of state of the art in positive linear theory is given in the monographs [2, 3]. 
Mathematical fundamentals of the fractional calculus are given in the monographs [12, 13, 
17] The positive fractional linear systems have been introduced in [5-7]. The stability of frac-
tional linear systems has been investigated in [14, 16, 18] The reachability of fractional posi-
tive continuous-time linear systems has been addressed in [6].Some recent interesting results 
in fractional systems theory and its applications can be found in [12, 14, 16, 17, 20]. 
The notions of controllability and observability and the decomposition of linear systems have 
been introduced by Kalman [10, 11]. These notions are the basic concepts of the modern con-
trol theory [1, 8, 9, 15, 19]. They have been also extended to positive linear systems [2, 3]. In 
[4] the decomposition of the pairs (A, B) and (A, C) of positive discrete-time linear systems 
have been addressed. 
In this paper the idea of Kalman’s decomposition theorem will be extended to positive frac-
tional discrete-time linear systems. Conditions will be established for the decomposition of 
the unreachable system into reachable and unreachable parts.  
The paper is organized as follows. In section 2 the basic definitions and theorems concerning 
positive fractional linear systems are recalled. The main result of the paper is given in section 
,where conditions for the decomposition and procedure for computation of the reachable and 
unreachable parts are presented. Concluding remarks are given in section 4. 
The set mn  real matrices will be denoted by mn  and .: 1nn  The set of nm  real 
matrices with nonnegative entries will be denoted by nm  and .: 1nn  The set of non-
negative integers will be denoted by Z  and the nn  identity matrix by .nI  
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2. PRELIMINERIES  
Consider the fractional discrete-time linear system [7] 

iii BuAxx 1 , Zi , 10                                  (1) 
where  is fractional order, n

ix  is the state vector m
iu  is the input vector and 

nnA , mnB . The fractional difference of the order )1,0[  is defined by 
i
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Substitution of (2) into (1) yields 
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The solution of (4) has the form [7] 
1

0
10

i

k
ikiii Buxx                                                (6) 

and the matrix i  can be computed from the formula 
i

j
jijii cA

1
1 )( , nI0                                     (7) 

Definition 1.  [7] The system (4) is called the (internally) positive fractional system if and 
only if n

kx , Zk  for any initial conditions nx0  and all input sequences m
ku , 

Zk . 
Theorem 1. [7] The fractional system (4) is positive for 10  if and only if 

nnA , mnB                                                (8) 
Definition 2. [7] The positive fractional system (1) (and (4)) is called reachable in q steps if 
for every given final state n

fx  there exists an input sequence m
ku  for 1,...,1,0 qk  

such that fq xx . 
 
A column of the form iae , ni ,...,1 ; 0a  is called monomial. A square matrix A is called 
monomial if in each row and in each column only one entry is positive and the remaining en-
tries are zero. 
Theorem 2.  [7] The positive fractional system (1) is reachable in q steps if and only if the 
matrix 

]...[ 11 BBBR qq                                                (9) 
contains n linearly independent monomial columns. 
Theorem 3. [7] The positive fractional system (1) is reachable in q steps only if the matrix 

][ AB  contains n linearly independent monomial columns. 
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3. DECOMPOSITION OF THE PAIR (A , B) OF POSITIVE FRACTIONAL SYSTEM  
Theorem 3. The positive fractional system (1) (and (4)) is reachable in q steps if and only if 
the matrix 

mnBABBB 2
1 ][][                                   (10) 

contains n linearly independent monomial columns. 
Proof. By Theorem 2 the positive fractional system (1) is reachable in q steps if and only if 
the matrix (9) contains n linearly independent monomial columns. From (7) we have 

i

j
jijii BcBAB

1
1 )(                                     (11) 

From (11) it follows that Bk  for ,...3,2k  do not introduce in the matrix (9) new additional 
linearly independent monomial columns. Therefore, the matrix (9) contains n linearly inde-
pendent columns if and only if the matrix (10) contains n linearly independent columns.  
From Theorem 3 we have the following important corollary. 
Corollary 1. The positive fractional system (1) is reachable only if mn 2 . Single-input sys-
tem ( 1m ) is reachable only for 2n . 
Let the pair ),( BA  of the positive fractional system (1) be unreachable but the matrix (10) 
contains at least one monomial column. First we shall consider the single-input ( 1m ) sys-
tem. We assume that the matrix nB  is monomial and the matrix (10) has nn1  linearly 
independent monomial columns 

1
,...,1 nPP                                                             (12) 

It is always possible to choose 12 nnn  linearly independent monomial columns 

nn PP ,...,11
                                                           (13) 

which are orthogonal to the columns (12). The matrix 
]......[ 11 11 nnn PPPPP                                          (14) 

is monomial and its inverse 1P  can be computed by transposition and substitution each posi-
tive entry by its inverse. It is assumed that the following condition 

0
1n

T
k APP  for nnk ,...,11                                            (15) 

is satisfied. Note that (15) holds if 
1nPA  is a linear combination of the monomial columns 

(12). 
Theorem 4.  Let the positive fractional system (1) be unreachable but the matrix (10) has 

)( 11 nnn  linearly independent monomial columns and let the assumption (15) be satisfied. 
Then the pair ),( BA  of the system can be reduced by the similarity transformation with the 
monomial matrix (14) to the form 

0
,

0
11

2

1211 B
BPB

A
AA

PAPA                                  (16) 

where the pair 
111

11 , nnn BA                                                  (17) 
is reachable and the pair 222

22 , nnn BA  is unreachable. 
Proof. Taking into account that the columns (13) are orthogonal to the columns (12) and the 
assumption (15) we obtain 
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and 

0
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0
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1
1

1 B
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since 

nk
k

BPT
k ,...,2

1
for
for

0
1

                                                 (20) 

It is easy to verify that the pair ),( 11 BA  is reachable since the, matrix 
]...[ 11111 1

BBB n                                                  (21) 
contains 1n  linearly independent monomial columns.  
Example 1. Consider the fractional system (1) for 10  with the matrices 

)0(

1
0
0
0

,

0
00
10
010

4241

31

2221

11

ijaB

aa
a

aa
a

A                            (22) 

The matrix 

44

4241

31

2221

11

00
000
10
010

aa
a

aa
a

IAA n                            (23) 

and the fractional system is positive. The pair ),( BA  is unreachable since the matrix 
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3
)(
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)(10
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224242

2
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32
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aaa

aa

BBABABBABABBBBB

        (24) 

has only two linearly independent monomial columns. In this case the matrix (14) has the 
form 

0001
1000
0010
0100

][ 4321 PPPPP                                      (25) 

The assumption (15) is satisfied since 023 PAPT  and 024 PAPT . Using (16) and (25) we 
obtain 

2
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and 

0
0
0
0
1

1
0
0
0

0100
0001
0010
1000

11 B
BPB                                  (26b) 

The pair ),( 11 BA  where 

22

42
1 1

0
a

a
A  and 

0
1

1B  

 
 is reachable since  

10
01

][][ 111111 BABBB  

Now let us consider the multi-input )1(m  positive fractional system (1). It is assumed that 
matrix mnB  Has At least one monomial column. Let the matrix (10) has nn1  linearly 
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independent monomial columns (12). The columns (13) are chosen so that the matrix (14) is 
monomial. It is assumed that the following condition  

0i
T

k APP  for 1,...,1 ni ; nnk ,...,11                              (27) 
is satisfied. In a similar way as in case 1m  the following theorem can be proved. 
Theorem 5. Let the positive fractional system (1) be unreachable but the matrix (10) has 1n  
linearly independent monomial columns (12) and the assumption (27) be satisfied. Then the 
pair ),( BA  of the system can be reduced to the form (16) by the similarity transformation 
with the matrix (14). Moreover the positive pair ),( 11 BA  is reachable and the pair 

)0,( 22 BA  is unreachable. 
Example 2. Consider the fractional system (4) for 10  with the matrices 

)0,0(

01
10
00
00

,

100
002
1010
000

3211
32

11

aaB
a

a

A              (28) 

The matrix 

44

32

11

0100
02
1010
000

a

a

IAA n                                  (29) 

and the fractional system is positive. The pair ),( BA  is unreachable since the matrix 

1001
010

0100
0000

][ BAB                                                (30) 

has three linearly independent monomial columns. In this case the columns (12) are the first 
three columns of the matrix (30) and we choose TP ]0001[4 . The matrix (14) has the 
form 

0001
0010
0100
1000

][ 4321 PPPPP                                        (31) 

It is easy to check that the assumption (27) is satisfied since 0]000[ 114 ii
T PaPAP  

for 3,2,1i . Using (28), (29) and (31) we obtain 

0
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The pair ),( 11 BA  where 
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101
0

010

321 aA  and 
00
10
01

1B                                          (33) 

is reachable since  the matrix 

0100
010

1001
][][ 111111 BABBB                                     (34) 

has three linearly independent monomial columns. 
The considerations can be extended for the dual notion observability of the positive fractional 
linear discrete-time systems [4, 7]. 
4. CONCLUDING REMARKS  
The idea of Kalman’s decomposition theorem has been extended for positive fractional dis-
crete-time linear systems. Conditions and procedure have been presented for decomposition 
of unreachable positive fractional discrete-time linear system into  reachable and unreachable 
parts. The considerations have been illustrated by two numerical examples. 
These considerations can be easily extended for 2D linear systems[3]. An open problem is an 
extension of  this decomposition for positive standard and fractional continuous-time linear 
systems. 
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