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DEKOMPOZYCJA LINIOWYCH DODATNICH UKEADOW

DYSKRETNYCH NIECALKOWITEGO RZEDU
Podana zastanie metoda dekompozycji nieosiggalnych dodatnich ukfadow dys-
kretnych nieca/kowitego rzedu na czes¢ osiggalng i nieosiggalng. Sformu/owane
I udowodnione zostang warunki te] dekompozycji uk/adu nieosiggalnego na czes¢
osiggalng 1 nieosiggalng. Zaproponowana zostanie procedura dekompozycji a j€j
skutecznos¢ zostanie zilustrowane przykfadami numerycznymi.

DECOMPOSITION OF THE POSITIVE FRACTIONAL DISCRETE-TIME
LINEAR SYSTEM

The decomposition of unreachable positive fractional discrete-time linear sys-
tems into the reachable and unreachable parts is addressed. Conditions for the
decomposition of the unreachable system into reachable and unreachable parts
are established. A procedure for the decomposition is proposed and illustrated by
numerical examples

1. INTRODUCTION

In positive systems inputs, state variables and outputs take only non-negative values. Exam-
ples of positive systems are industrial processes involving chemical reactors, heat exchangers
and digtillation columns, storage systems, compartmental systems, water and atmospheric
pollution models. A variety of models having positive linear behavior can be found in engi-
neering, management science, economics, social sciences, biology and medicine, etc. An
overview of state of the art in positive linear theory is given in the monographs|[2, 3].
Mathematical fundamentals of the fractional calculus are given in the monographs [12, 13,
17] The positive fractional linear systems have been introduced in [5-7]. The stability of frac-
tional linear systems has been investigated in [14, 16, 18] The reachability of fractional posi-
tive continuous-time linear systems has been addressed in [6].Some recent interesting results
in fractional systems theory and its applications can be found in [12, 14, 16, 17, 20].

The notions of controllability and observability and the decomposition of linear systems have
been introduced by Kalman [10, 11]. These notions are the basic concepts of the modern con-
trol theory [1, 8, 9, 15, 19]. They have been also extended to positive linear systems [2, 3]. In
[4] the decomposition of the pairs (A, B) and (A, C) of positive discrete-time linear systems
have been addressed.

In this paper the idea of Kalman's decomposition theorem will be extended to positive frac-
tional discrete-time linear systems. Conditions will be established for the decomposition of
the unreachabl e system into reachable and unreachable parts.

The paper is organized as follows. In section 2 the basic definitions and theorems concerning
positive fractional linear systems are recalled. The main result of the paper is given in section
,where conditions for the decomposition and procedure for computation of the reachable and
unreachable parts are presented. Concluding remarks are given in section 4.

The set nxm real matrices will be denoted by R™™ and R" :=R"*. The set of mxn rea

matrices with nonnegative entries will be denoted by R™" and R" := R"™. The set of non-
negative integers will be denoted by Z, and the nx n identity matrix by 1.
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2. PRELIMINERIES
Consider the fractional discrete-time linear system [7]

A'%,=Ax+Bu,ieZ 6 0<a<l (1)
where o is fractional order, x. e R" is the state vector u, e R™ is the input vector and
AcR™", BeR™™. Thefractional difference of the order « €[0,1) is defined by

A% =X +_'Z(—1)"[‘;‘jx_j @)
where -
("_‘] _ a(a—l)..._(|a— i) iZq 3
Substitution of (2) into (1) yieldjs | '
X =AX% —}-lZCj(a)Xi_j +Bu,ieZ 4
where -
Aa:A+Ina,Cj(a):(—l)j[jilj>0, j=12,.. )
The solution of (4) hasthe form [7] |
X =X, + IZ_l“CDi_k_lBui (6)
and the matrix @, can be computed from theforr:\:ljla
O ,=A0, +JZ|;CJ' (a)D,_;, Py=1, (7

Definition 1. [7] The system (4) is caled the (internally) positive fractional system if and
only if x, e R", ke Z, for any initial conditions x, € R and all input sequences u, € R,
keZ, .
Theorem 1. [7] The fractional system (4) ispositivefor O< a <1 if and only if

A eRT, BeR™™ (8)
Definition 2. [7] The positive fractiona system (1) (and (4)) is called reachable in q steps if
for every given final state x, € R" there exists an input sequence u, € R for k=01...,q-1

suchthat X, = X; .

A column of the form ag, i=1...,n; a>0 iscaled monomial. A square matrix A is called

monomial if in each row and in each column only one entry is positive and the remaining en-
tries are zero.

Theorem 2. [7] The positive fractional system (1) is reachable in q steps if and only if the
matrix

R,=[B ®B .. @, ,B] 9)

contains n linearly independent monomial columns.
Theorem 3. [7] The positive fractional system (1) isreachable in q steps only if the matrix
[B A, ] containsn linearly independent monomial columns.

q-1
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3. DECOMPOSITION OF THE PAIR (A, B) OF POSITIVE FRACTIONAL SYSTEM
Theorem 3. The positive fractional system (1) (and (4)) is reachable in q steps if and only if
the matrix

[B ®,B]=[B A,B]eR™" (10)
contains n linearly independent monomial columns.

Proof. By Theorem 2 the positive fractional system (1) isreachablein g stepsif and only if
the matrix (9) contains n linearly independent monomial columns. From (7) we have

®,,B=Ad B+ _'ZCJ. (@)@, B (11)

From (11) it follows that @, B for k =2,3,... do not introduce in the matrix (9) new additional

linearly independent monomial columns. Therefore, the matrix (9) contains n linearly inde-
pendent columnsif and only if the matrix (10) contains n linearly independent columns. o
From Theorem 3 we have the following important corollary.

Corollary 1. The positive fractional system (1) is reachable only if n<2m. Single-input sys-
tem (m=1) isreachable only for n< 2.

Let the pair (A,,B) of the positive fractional system (1) be unreachable but the matrix (10)
contains at least one monomial column. First we shall consider the single-input (m=1) sys-
tem. We assume that the matrix B e R" is monomial and the matrix (10) has n, < n linearly
independent monomial columns

PP, (12)
It is always possible to choose n, = n—n, linearly independent monomial columns
A (13)

which are orthogonal to the columns (12). The matrix

P=[R .. P, P P,] (14)

ismonomial and itsinverse P~ can be computed by transposition and substitution each posi-
tive entry by itsinverse. It is assumed that the following condition

PkTAPrll =0 for k=n,+1..,n (15)
is satisfied. Note that (15) holds if A P, isalinear combination of the monomial columns
(12).

Theorem 4. Let the positive fractional system (1) be unreachable but the matrix (10) has
n, (n, <n) linearly independent monomial columns and let the assumption (15) be satisfied.

Then the pair (A,,B) of the system can be reduced by the similarity transformation with the
monomial matrix (14) to the form
A= P‘lA&P{Al A_‘Z} B= P*B{Bl} (16)
0 A 0
where the pair
A eRM™, B eR} (17)
is reachable and the pair A, e R™™, B, e R™ isunreachable.

Proof. Taking into account that the columns (13) are orthogonal to the columns (12) and the
assumption (15) we obtain
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PlT
~ o7
A:P4%P=PU¥R:P$[%H
n+1
o7
A=|: [AR AP,
T
Pnl_
Pr-1|1-+l
0=| i [AR . AP,
PT
and _
B=P'B=P'B=
since

WB:{

It is easy to verify that the pair (A,B,) is reachable since the, matrix
[B, @B
contains n, linearly independent monomial columns. o
Example 1. Consider the fractional system (1) for O< « <1 with the matrices

a, O
A= a, Qay
ay O
_a41 a,,
The matrix
A =A+1a=

AP, AP, Aam{’;l
PlT
]’ ’3‘12: [AZPFIJ_+1 Azpn]’
PT
n
B Pr;lr+1
]' A2: [AaPnl+l AaPn]'
PT
1]
R’ ol B
o7
P : 0
n _O_
1 for k=1
0 for k=2,...,n
6nl—lgl]
1 0 0
0 1 0
, B= >0
—a 0 0 @ >0)
0 -af 11
a, +a 0 1 O]
ay ayt+ta 01 emiw
ay, 0O 00
ay Ay, 00

BSp=

2} (18q)

(18b)

(19)

(20)

(21)

(22)

(23)

and the fractional system is positive. The pair (A,, B) isunreachable since the matrix
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[B ®,B ®,B @sB]:{B AB AjB—(ZjB AfB—[ZjAaB+(ZJB}

0 0
0
0
1

o OO +—» O

0

Ay ta (a22+a)2_(0‘J

2

0 0
a a
3y, _(Zj a,,(ay, +a)+(3j

(24)

has only t\;vo linearly independent monomial columns. In this case the matrix (14) has the

form

0 0
PR P, B Pl=|_
—L1 2 3 41— O O
10
The assumption (15) is satisfied since P A P, =0 and P/
obtain
0 0 0 1fa,+a O
A—pipp- 0100 a, a,+a
100 0f a, 0
0010 a a,
_0 a42 a41 O_
_ 1 ap+a @, O _ A A
0 0 a,+a 1| |0 A
o 0 & 0
and
0 0 0 10} |12
_ . |lo 10 ofo] |0
B=P B= =
1 0 0 0|0 0
001 0]1] [0
The pair (A,B,) where
— |10 a _
A=[ * }and B =
1l a,+a

is reachable since

8 @816 AR, ||

S o o o

o O O Bk

0
1

o O O

o O +» O

- O O O

© O +— O

o O O B+

o r O O

(25)

P, =0. Using (16) and (25) we

(26a)

(26D)

Now let us consider the multi-input (m>1) positive fractional system (1). It is assumed that
matrix B e R™™ Has At least one monomial column. Let the matrix (10) has n, < n linearly
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independent monomial columns (12). The columns (13) are chosen so that the matrix (14) is
monomial. It is assumed that the following condition

P'AP =0 fori=1..,n; k=n+1..,n (27)
issatisfied. Inasimilar way asin case m=1 the following theorem can be proved.
Theorem 5. Let the positive fractional system (1) be unreachable but the matrix (10) has n,
linearly independent monomial columns (12) and the assumption (27) be satisfied. Then the
pair (A,,B) of the system can be reduced to the form (16) by the similarity transformation
with the matrix (14). Moreover the positive pair (A,B,) is reachable and the pair
(A,, B, = 0) isunreachable.
Example 2. Consider the fractional system (4) for 0 < a <1 with the matrices

a,- 0 0 O 0 0
ae| O e Y Mg 190 @is0 a0 (9
2 a, 0 O 01
0 0 1 -« |1 0]
The matrix
a, 0 0 O
A=A+l a= 0o 1 01 e R (29)
2 a, a O
0 0 1 0]
and the fractional system is positive. The pair (A,, B) isunreachable since the matrix
[0 0 0 O]
B AB-| O O 30)
01 0 «
1 001

has three linearly independent monomial col umns. In this case the columns (12) are the first
three columns of the matrix (30) and we choose P, =[1 O 0 O]". The matrix (14) has the
form

1]
0
0
1 0 0]
It is easy to check that the assumption (27) is satisfied since P, AP =[a, 0 0 0P =0
for 1 =1,2,3. Using (28), (29) and (31) we obtain

P=[R P, P, PJ= (31)

o O O
o +»r O O
o » O

01 0 0 10
A_piap| @ B 2| A Al g pag (001 B (32)
10 1 0| |0 A 00/ |0
00 0 a, 0 0

The pair (A,B,) where
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01 O 10
A=/0 a a,|andB =0 1 (33)
1 0 1 00
isreachable since the matrix
1 00 1
[B, ®,B]=[B, ABJ|0 1 0 « (34)
0010

has three linearly independent monomial columns.
The considerations can be extended for the dual notion observability of the positive fractional
linear discrete-time systems[4, 7].

4. CONCLUDING REMARKS

The idea of Kalman’s decomposition theorem has been extended for positive fractional dis-
crete-time linear systems. Conditions and procedure have been presented for decomposition
of unreachable positive fractional discrete-time linear system into reachable and unreachable
parts. The considerations have been illustrated by two numerical examples.

These considerations can be easily extended for 2D linear systems[3]. An open problem is an
extension of this decomposition for positive standard and fractional continuous-time linear
systems.
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