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sufficient condi

tion 1.

R the set of
real numbers, R™™ the set of Nxm real matrices,
RT™  the set of NxmM matrices with
and RT=R", 1, the nxn identity matrix, Z[f (k)]

-time function f(K).

2. Preliminaries and problem

formulation
Consider a - q
il-
tions
q
AlekJrl = Z(A X + Bruk—r) (2'13)
r=0
Vi =Cx +Du,, keZ, (2.1b)

where X, € R" is state vector u, € R™
Y, € RP AeR™:r =01,...q
BeR™™, CeRP", DeRPM.

aeR order is defined by

k .
e T—
j=0
and
[aj 1 for j=0 (2.2b)
j =
MJI ﬂ for ]:1'2,

the following form

k+1

q .
X1 = Z(A Xeor + Bl )+ 2 (—1)“1(6;))(1(”1 (2.3)
r=0 j=1
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Definition 2.1.

sii

% eR] and y, eRP, keZ, itions
X, R, h=0-1..,—q u, eRT,
kez,.

Theorem 2.1.
system with q

-time linear
input (2.1) is
pwitive for O<a <1 if and only if

A=A+l e, G =(—1)'*1[°r’] B en™,
¥ =0,1,m,qt CeRP", DeRP™.  (24)
k+1
Xk+1_ZA'anr+zc Xy ]+1+ZBukl’ 2.5)
j=g+1

Y =CX, + Dy keZ+

where
_ _\+2 @ o (—1)i*L @
Ae=A+1,(-D [r+1j' ¢ =(-1’ (j] (2.6)
n (2.5) we have
zX(2) - 2,
q —r k+1 ) 1-j
=2Aa2_r[X(Z)+ZX|Z_|:l+ > cjzl“{X(z)+Zx,z"}
r=0 |=-1 j=g+1 I=-1
(2.7)
q -r
+ZBrz’{U(z)+Zu,z'}
r=0 =
Y(2)=CX(2)+DU(2)
where X(2)=Z[x]. U@ =2[u]. Y(D=2[y]. Now we
q k+1 .
[Inz—Z:Aaz‘r -1, D¢ 21_11)((2)
r=0 j=g+1
9 —I k+1
:zx0+ZAaz‘er,z + > ¢z" 'Zx,z (2.8)
r=0 |=— j=q+1

’rU(z)+Zq:B z Zu|

r=0 I=-1

Y(2) =CX(2)+ DU(z)

Jane

-1

k+1 —r
X(z):{ln[z— D gz" Y Bz'U(2 (2.9)
r=0 ’

j=0+1
Y(2)=CX(2)+DU(2)

the equation

-1
T(z)_Y(Z) {I (z-9g )—Zq:A z’} Zq:B z"+D
U@ | " et | e (2.10a)
=Ty (9+D
where

_ _1\r+2 a
Ao =A+1,(-D) [ J,

k+1 k+1
=Dz =) (- l)“l[ J

j=g+1 j=g+1

(2.10b)

and Tg(2)

the operators w=z-g, . z".r=01,...
input single-

,q and for single-

wing form

by s (W™ +.. + b (2w by (2)

Tw2)=— — +D  (2.11u})
W' -a, (W - —a(29w-ay(2)
be(2) =bf +bez +..+072°9,
a()=a +az" +..+alz? (2.11h}
k=01L..,n-1

for known « .
Definition 2.2.
T(w,2) if they

as follows.

T(w,2) e RP™(w,2) a , find its posi-
RPM(w,2) is the set of pxm

nrand 2.

3. Problem solution for SISO systems

i-

-time linear

-input
single-output system.
W
ing form
C(H.,(w,2))[B,+B,z +..+B,z ¢
Tz~ SHa W 2)B + By 2,
detH(w, 2) 3.1)
N(W z)
d(w z)
where
HW,2) =1 W= Ay, = A,z == A, 2]
N(w, z) = C(H ., (W, 2))[B z'+..+B z9
(W2) = ClH oy (W 2)[Bo + Bz ™ 4.4 Bz ] 520
=N, QW .+ (W Ny (2),
d(w,2) =detH(w,2) =w" —d, , (W —... - d,(2)w—d,(2)
and
nk(z)=b8+b&z’1+...+bfz’q,
de (2= +akz Lv+alze  (3.2b)
k=01..,n
the Hyy(wW,2)
From (3.1) we have
D= lim T(w,2) (3.3)
W, Z—0
q -1
since W!iinw|:|nW§Aaz‘f:| =0.
equition
N(w, 2)
ToW,2)=T(w,2)-D=——- 3.4
W2 =T(W,2) dw.2) (3.4)
-
o A Band C
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I
Theorem 3.1. ion of the
T(w,2) screte-
O<a<l1 if the “
fied m]

1) T(oo,oo):WILLIZCT(W,Z)e*){fxm7 which is equivulent to

DeRMP™.
2} d(w,2) are nonnegutive,
ie a,>0,r=01,..gk=0,1,...n-1.

3} Coefficients of N(W,2) are nonnegative, i.e. b >0.
r=01,...q,k=0,1,...n-1L
0 .. 0 & 0 .. 0 a
1 .0 & 0.0 &
L I S - bl T W
0 1 e,y 0 0 a, (3.5)
b
B.=| ! |r=01.q C=[0 .. 0 1]
bia
Proof.
fumne
N(w, 2)
Ty (W, 2) = ———=
»(2) d(w,2)

Cllaw—Ay, —AZ — - AL Z ]y [By+ Bz 4.+ ByZ ]
B detl ,w— Ay, = A, 2 = = A, 7]

(3.6)
d(w,2) of the transfer

matrices (3.5)

d(w,2) = det[l w- Ay, - A,z —..— A, 7]

—gel I W

=w'- (a2, +al,zt +..+ad ,z )Wt (3.7)
——(a+ajzt . +alz Y w- (@) +agzt +..+ajz )

=w'—d, w-..—dw-d,

A,,r=01..9 have the
canon
Cllw-Ay, -AZ - = A7 =[1 W .. W].(38)
N(W,2) of the transfer
fune
by +05z +...+bjz

Nw,2)=[1 w .. w bloﬂLbllZilT"'ergziq

b, +byz . +b%, 2
=02, +bt, 2 +..+bT, Z )Wt
= (O + bz 4B Y)W (0 + b5z + .. +BIZY)

=n, W LW LWy,

(3.9)

T(w,2) is proposed.
Procedure.

function.

a,,r=01..gk=01...n1
of the polynomial d(w,2)
find A,,r=01..9.

be.r=01,..qk=01,.n1

of the N(w,2)
B,.r=01..q.
or o
Ezxample 3.1. 5
crete-
a=05
_(s1_ _(+1_ _ (-1
T(w,2) = w (Zl Hw (Zl Hw=(z 1+1) . (3.10)
W= (21 + )W — (21 + 2)w—- (221 +1)
In his case n=3, p=1, 9= 1. we
have.
D
D= limT(w,2)=[]] (3.11)
W, Z—>0
To(W2)=T(w,2)-D
B 2w? +3w+3z1+2 (3.12)
W — (7 + )W — (21 + 2 w— (221 +1)
or have the form
dw,2) =w? - (z + D)W - (z 1+ 2w- (221 +1) (3.13)
=w' - (a2t + )W —(az " +ar)w— (852 ' + )
Ay, A, have the form
00 al| [oo1
A,=|1 0 a|=|1 0 2
01al (011
00al| 002
A,=|0 0 a|=|0 0 1 (3.14)
00 al| |00 1
N(w,2) = 2w* +3w+3z2 1 +2 3.15)
= (bz L+ B0 + (b D)W+ (Bz 14 k)
the matrices By, B, have the form
| [2 by | [3
B,=|b’|=|3|. B,=|b|=]|0| (3.16)
b | |2 by | |0
and
C=[0 0 1. (3.17)
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a =05 we obtain

05 0 1
%=A0a—|3(—1)2[iJ=AW—I3a= 1 -05 2
o 1 05
A=A, - Ia(—l)S[Z] (3.18)
~0125 0 2
:Am+lga(“2fl) | o -0125 1
0 0 0875

screte-time linear sys-

4. Concluding remarks

of a

of -time

linear systems has been
i

fractional systems have

-input multi-

An open
i
5. Acknowledgment
Bibliography
I.  Benvenuti L., Farina L.:
Vol 49, Na. 5, 2004, 651 664.
2. Engheta N.,
Val. 39, No. 4, 1997, 35 46.
3. : .
i 2000.
1. . Fractional-order

. Proc. 11'" Int.

Conf. , ICAR 2003, Coimbra
(Portugal} 2003, 393 398.

3. Kaczorek T.: n-
tinues-
delay, ™ ", Vol. 16,
No. 3, 2006, 325 331.

i.  Kaczorek T.:

discrete-

=1

&

14,

1.

20).

21,

22,

23.

21

. Klamka J.: Approzimate

. Nishimoto K.:

Kaczorek T.: L K-
Cybernetics”, Vol. 38, Na. 7/8, 2009, 1059 1078.
Kaczorek T.: R -
tinuous-time systems,

Vol. 18, Na. 1, 2008, 43 53,

Kaczorek T.: i
, “Int. J. Appl. Math.
Comp. Sci.”, ¥ol. 16, Na. 2, 2006, 101 106.
. Kaczorek T.: 5-
crete- , “System Science”.

val. 30, No. 4, 2004, 117 130.

. Kaczorek T.: -
tional discrete-f , [in:] Pennacchio S.
ISINE
Systems
226 236.
Kaczorek T.: , Springer-
Kaczorek T.: u-
lar discrete- t-
lays in control, "Bull. Pol. Acad. Sci. Techn.”
Vol. 53, Nao. 3, 2005, 293 298.

. Kaczorek T.: stems

Theory, Springer-Verlag 2011.

ability of
. P

plied Mechanics™, Vaol. 43, Na. 3, 2005, 539 554.

Miller K. 5.. Ross B.: -

tions, [IXS
. Koriama: Decar-
tess Press, 1984.

Acudemic Press, New York 1974.
Ortigueira M. D.: -time linear
systems. Proc. of the IEE-ICASSP 97, Munich, Ger-
many, [EEE, Vol. 3, New York 1997, 2241 2244.
Ostalczyk P.: The non- H-
crete-

. “Int. J. Syst, Sci.”, Vol. 31, Na. 12,
2000, 1551 1561.
Oustaloup A.:
1993.
Podlubny L.:

, Hermés, Paris

. San

Podlubny I.: On  fractional

de ZsiR

controllers, Proc. 36'" n-

trol, San 4990.

Sajewski L.: -
il-

P

Monitoring™, ¥ol. 56, Na. 5, 2010, 404 408.

Pomiary Automatyka Robotyka 2/2012



NAUKA

25. Zaborowsky V., Meylaov R.: Informational network
. Proc. Int.
Conf. Info-tech and Info-net -

na, vol. 1, 2001, 58 3. W

Dodatnia realizacia dla klasv dvskretnych
uktadow liniowych z opdznieniami

Streszczenie: Sformutowane zostanie t-
niej

ciu i jednym
a_
7-

Stowa kluczowe: i

dr in3. Lukasz Sajewski
0_
ku. Tytut magistra inzyniera Elektrotechniki

Elektrycznym Politechniki Biatostockiej. Na

stuchacz 3 roku studiow doktoranckich
ymujac tytut

Elektrotechnika. W chwili obecnej pracuje
na Wydziale Elektrycznym PB w Katedrze

wych to nowoczesna teoria sterowania, w tym uktady dodatnie
i hybrydowe (ciagio-dyskretne).
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