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Numerical Analysis of the Discrete, Fractional Order PID
Controller using FOBD and CFE Approximations
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AGH University, Faculty of Electrical Engineering, Automatic Control, Informatics and Biomedical Engineering, al. A. Mickiewicza 30,
30-059 Krakow, Paland

Abstract: This paper presents the numerical analysis of the discrete, approximated Fractional
Order PID Controller (FOPID). The fractional parts of the controller are approximated with the use
of the most known methods: Fractional Order Backward Difference (FOBD) and Continuous
Fraction Expansion (CFE). CFE is simpler and faster than the FOBD method, but its accuracy is not
always satisfying. For both approximations optimum sample time was found by minimizing of the
cost function Integral Absolute Error (IAE). Additionally, to optimize of CFE its parameter a was
applied. Results of numerical tests show that the FOPID using FOBD is more accurate in the sense
of IAE cost function for FOPI and FOPID controllers, but CFE is more accurate for FOPD controller.
Next, the FOBD requires to use of smaller sample time to obtain of good accuracy than CFE. This
allows to conclude that FOPD controller using CFE can be applied in time critical applications at
bounded platforms, for example in robotics or numerical control.
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Each digital implementation of FOPID controller
Acronyms (PLC, microcontroller) requires to apply integer order,
finite dimensional, discrete approximant. The most

Clrla = Comtanous lbsebion Bgpauion known are: FOBD and CFE approximations (see e.g.

FO - Fractional Order [1]). They allow to estimate a non-integer order element

FOPID - Fractional Order PID with the use of a digital filter. The detailed comparison

FOPI — Fractional Order PI of both methods was done e.g. in [8]. The use of these
. methods in the FOPID controller were also considered

FOPD — Fractional Order PD in the paper [12], the FOPID employing FOBD is ana-

FOBD - Fractional Order Backward Difference lysed with details in the paper [10].

PLC — Programmable Logic Controller For elementary fractional-order integrator/differentia-

tor an analytical formula of the step response is known
(see e.g. [4]). Consequently the analytical step response
of a FOPID controller can be given too. It is applied as
the reference to estimate of an accuracy of an appro-

PSE — Power Series Expansion

. ximation.

1. Introduction This paper compares the accuracy and numerical com-
plexity of the discrete implementations of the FOPID

One of main areas of application fractional order calculus in controller employing the FOBD and CFE approxima-

automation is a FOPID control. Results presented by many tions. Such a comparison has not been done yet. The

Authors, e.g. [2, 4, 14, 15], show that FOPID controller is able approach used in this paper has been proposed in the

to assure better control performance than its integer order paper [9]. Recent results can be useful during implemen-

PID analogue. tation of FOPID at bounded digital platform.

The paper is organized as follows. Preliminaries draw
theoretical background to presenting of main results. It
covers basic ideas from fractional calculus as well as the
FOPID controller and its discrete form written with the
use of both considered approximations.
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2. Preliminaries

2.1. Elementary ideas

Elementary ideas from fractional calculus can be found in

many books, for example [5, 6, 14, 16]. Here only some defini-

tions necessary to explain of main results are recalled.
Firstly the fractional-order, integro-differential operator is

given (see e.g. [5, 7, 16]):

Definition 1. (The elementary fractional order operator) The
fractional-order integro-differential operator is defined as follows:

d"f(t) a>0
dt”
Dof(t)=4  f a=0 (1)

where a and t denote time limits for operator calculation,
a € R denotes the non-integer order of the operation.

Next remember an idea of Gamma Euler function [7]:

Definition 2. (The Gamma function)
F(:v) = jt’_le"dt. (2)
0

Furthermore recall an idea of Mittag-Leffler functions. The two
parameter Mittag-Leffler function is defined as follows:

Definition 3. (The two parameter Mittag-Leffler function)

k

B, ()= 3. 3)

k=0 I (ka + ﬂ )
For B =1 we obtain the one parameter Mittag-Lefler function:

Definition 4. (The one parameter Mittag-Leffler function)

k=0 F(ka + 1) (4)

£, (x)=
The fractional-order, integro-differential operator (1) can be
described by many definitions. The “classic” have been pro-
posed by Griinwald and Letnikov (GL Definition), Riemann
and Liouville (RL Definition) and Caputo (C Definition). In
this paper C and GL definition will be employed. They are
recalled beneath [4, 13].

Definition 5. (The Caputo definition of the FO operator)

()
f (T)_ dr (5)

F(n—a)g(t_f)“” n

WD) =

where n — 1 < o < denotes the non-integer order of operation
and I7..) is the complete Gamma function expressed by (2).

For the Caputo operator the Laplace transform can be defined
(see for example [6]):
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Definition 6. (The Laplace transform of the Caputo operator)
L (5Def(t)=s"F(s), a<0

(i) =) - Lo ps). O

a>0,n-1<a<neN.

Definition 7. (The Griinwald-Letnikov definition of the FO
operator)

ot -seg S o

h—0 =0 l

In (7) [0;] is the binomial coefficient:

2.2. The FOPID controller

The FOPID controller is described by the following transfer
function (see e.g. [4], p. 33):

G (s) =k, + ks +hys, 9)
where a,f € R are fractional orders of the integration and

derivative actions and k,, k, and &, are the coefficients of the
proportional, integral and derivative actions respectively.

The analytical formula of the step response of the controller
(9) takes the following form (see [11]):

Rt kt™”
C(a+1) T(1-8)

y, (t) =k, + (10)

where I'(..) is the complete Gamma function (2). This analyt-
ical formula will be used as the reference to estimate of the
accuracy of the approximation.

2.3. The FOBD approximation

The GL definition is limit case for h — 0 of the Fractional
Order Backward Difference (FOBD), commonly employed in
discrete FO calculations (see e.g. [14], p. 68):

Definition 8. (The Fractional Order Backward Difference-FOBD)

FOBD = (hx)(t) = Ly [‘;‘] o(t-th). (1)

h 1=0

Denote coefficients (—1)l (0;) by d, (a) :

4 (@)= (1) [‘;] (12)
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The coefficients (12) are functions of order a. They can be also
calculated with the use of the following, equivalent recursive
formula (see e.g. [4], p. 12 ), useful in numerical calculations:

d, (a) =1,
(13)
1+
d,(a) :[1— la]d“( ), =1L
It is proven in [3] that:
idl(a) =l-a. (14)
1=1
From (13) and (14) we obtain at once that:
Yd(a)=1. (15)

1=2

In (11) L denotes a memory length necessary to correct appro-
ximation of a non-integer order operator. Unfortunately good
accuracy of approximation requires to use a long memory L what
can make difficulties during implementation.

The approximator FOBD (11) can be described by the
G(z") transfer function in the form of the FIR filter containing
only zeros:

(16)

where dl(a) are expressed by (12) or equivalently by (13), his
the sample time and «a is the fractional order. The transfer
function (16) is typically applied to approximate of the frac-
tional operator (1).

2.4. The CFE approximation

The CFE approximator allows to express the elementary FO
operator s in the form of an ITR filter containing both poles
and zeros. It is faster convergent and easier to implement due
to its relatively low order. It is obtained via discretization of
elementary fractional order element s*. This can be done
using so called generating function s = @(z™"). The new oper-
ator raised to the power a has the following form [18, 15]:

NN 1-2" )
(a)(z 1)) =g,CFE [1+az1J =
L,L

=g e %) (17)

In (17) L is the order of approximation, g, is the coefficient
depending on sample time and type of approximation:

g = l+a)
h h )
In (18) h is the sample time and a is the coefficient depending

on approximation type. For ¢ = 0 and a = 1 we obtain the Euler
and Tustin approximations respectively. For a € (0, 1) we arrive

(18)
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at the Al-Alaoui-based approximation, which is a linear combi-
nation of the Euler and Tustin approximants.

It is important to note that coefficient a can be also employed
as an additional parameter allowing to fit the approximation
to analytical results, e.g. to obtain accurate approximation of
FOPID. This idea will be presented in next sections.

Numerical values of coefficients w, and v, and various values
of the parameter a can be calculated with use of the MATLAB
function dfod1. If the Tustin approximation is considered (a = 1)
then CFE (2, @) = CFE(z*',—a) and the polynomial
CFE, (2, a) can be given in the direct form [18]. Examples of
the polynomial CFE, (2!, a) for L = 1, 3, 5 are given in Table
1. The detailed analysis of various forms of CFE approximators
has been presented by [17].

2.5. The discrete FOPID using FOBD and CFE
approximations

The discrete implementation of the controller (9) using appro-

ximator (16) is as beneath:

GcFOBD (Zi]) = kP + kIGFOBD (Zﬁ]’ - 0!) + kDGFOBD (Zil’ - ﬂ) (19)

The step response of the approximated controller (19) takes the
following form:

o) =2 {2l (20

The formula (20) can be computed numerically with the use
of step function from MATLAB. It is the function of a time
and memory length L. The memory length determines also the
accuracy of the implementation. The accuracy and numerical
complexity as a function of L were analyzed with details in the
paper [10].

Tab. 1. Coeffcients of polynomials CFE,, , (z, a) for Tustin
approximation
Tab. 1. Wspdtczynniki wielomianéw CFE, , (z, o) dla aproksymacji Tustina

Order L w, v,
-1 w, = —a v, =a
w, =1 v, =1
w, =-a /3 v, =a/3
L3 w,=a’/3 v,=a’/3
w, = —a v, =a
w, =1 v, =1
w, =-a /5 v,=a/b
w,=a’/5 v,=a’/5
w a 2ad° -a -2d°
__|& v =_| %
L=5 ’ 5 35 3 5 35
w, =2a" /5 v,=2a" /5
w, =—a v, =a
wﬂ:l ngl
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Next, the application of (17) to (9) yields:

P (7 P(z"
GrCFE('Z_l) = kP +k1 ﬂz(z 1) +kD ﬂ( 1) (21)
‘ Q. Qe
The step response of the discrete controller is as follows:
4 1 o
Yerp (k) =7 {1 _ G::CFE(Z )} (22)

The accuracy of both approximations will be tested using known
TAE cost function, calculated at the discrete time grid and for
finite time interval.

For the FOBD approximation the cost function is a function
of sample time h and memory length L (see [10]). In this paper
the minimum memory length equal L = 100 will be used and
the approximation will be optimized with the use of sample
time h only.

IAE, . (h) = by |e(k)). (23)

For the CFE approximation it is a function of sample time h
and parameter a, because the length of approximation should
be used maximum permitted M = 5:

K

1]
IAE,,,(a,h) = By |e(k)] (24)
)
where k=1, ..., K/. are the discrete time instants, A is the sam-

ple time. Consequently the final time of computing is equal:

t, =hK,. (25)
Error e(k) describes the difference between analytical and
approximated step responses (10) vs (20), (22) in the same
time moment £:

eF()BD,C'FE(k) =Y, (kh) - yF()BD,CFE(k)7 k= 1""’Kf' (26)

3. Numerical tests

The general methodology of numerical tests is close to appro-
ach proposed in the paper [9]. A new idea is the looking for
the sample time h assuring the best accuracy of approxima-
tion for fixed, short memory length. For CFE approximation
additionally its optimum parameter a is estimated too. This is
done by minimization of the cost function (23) as a function of
h and cost function (24) as a function of h and a.

3.1. Accuracy

Firstly the approximation using FOBD for L = 100 and various
versions of FOPID and fractional orders was tested. Calcula-
tions were executed at the MATLAB platform using the func-
tion step to compute of the step response and function fminbnd
to find optimum value of the sample time h. Results are given
in the table 2. Rows 1-4 describe the FOPID controller, rows
5-8 illustrate the FOPI controller and rows 9-12 the FOPD
controller respectively.

Next the FOPID using CFE was optimized. The values of
parameter a and sample time A optimum in the sense of cost
function (24) were tested for various orders of FOPID. Calcula-
tions were executed at the MATLAB platform using the function
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Tab. 2. Approximation FOBD: optimum values of sample time h for
various fractional orders of the controller

Tab. 2. Tab. 2. Aproksymacja FOBD: optymalne wartosci okresu

prébkowania h dla réznych rzedéw regulatora

No. o B h IAE
1 -0.25 0.25 0.0758 0.0441
2 -0.50 0.50 0.0685 0.1543
3 0.75 0.75 0.0562 0.2783
4 -0.95 0.95 0.0365 0.2787
5 -0.25 0.00 0.0885 0.0776
6 -0.50 0.00 0.0752 0.1825
7 -0.75 0.00 0.0621 0.2930
8 -0.95 0.00 0.0370 0.2753
9 0.00 0.25 0.0962 0.0419
10 0.00 0.50 0.0971 0.0507
11 0.00 0.75 0.0971 0.0279
12 0.00 0.95 0.0990 0.0020

Tab. 3. Approximation CFE: optimum values of parameter a and
sample time h for various fractional orders of controller
Tab. 3. Tab. 3. Aproksymacja CFE: optymalne wartosci parametru a oraz
okresu prébkowania h dla réznych rzedéw utamkowych regulatora

No. o B a h IAE
1 -0.25 0.25 0.0505 0.2174 0.0888
2 -0.50 0.50 0.0670 0.2041 0.3375
3 -0.75 0.75 0.0262 0.1587 0.6404
4 -0.95 0.95 0.0115 0.1010 0.6577
5 -0.25 0.00 0.0017 0.2439 0.1757
6 -0.50 0.00 0.0361 0.2083 0.4271
7 0.75 0.00 0.1170 0.1724 0.6862
8 -0.95 0.00 0.1836 0.1087 0.6289
9 0.00 0.25 -0.0483 0.1695 0.0390
10 0.00 0.50 -0.2661 0.7693 0.0254
11 0.00 0.75 -0.0483 0.4547 0.0888
12 0.00 0.95 -0.0015 0.3705 0.0014
R OB OTY KA NR 3/2025



Fig. 1. The step responses y,(f) vs y,,,(kh) and y . (kh) for experiment
No 2 (controller FOPID)

Rys. 1. Odpowiedzi skokowe y,(t) VS y, ., (kh) i y..(kh) dla eksperymentu
nr 2 (regulator FOPID)

Fig. 2. The step responses ya(t) vs y,,,(kh) and y__.(kh) for
experiment No 6 (controller FOPID)

Rys. 2. Odpowiedzi skokowe y,(t) VS ¥, g, (kh) i y,..(kh) dla eksperymentu
nr 6 (regulator FOPID)

Fig. 3. The step responses y, () vs y,,,,(kh) and y__.(kh) for experiment
No 10 (controller FOPID)

Rys. 3. Odpowiedzi skokowe y,(t) Vs ¥, ., (kh) i y..(kh) dla eksperymentu
nr 10 (regulator FOPID)
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step to compute of the step response and function fminsearch
to found optimum values of parameters. In all tests the values
of parameters k,, k, and k, were equal 1.0. Results are collected
in the table 3. Rows 1-4 describe the FOPID controller, rows
5-8 illustrate the FOPI controller and rows 9-12 the FOPD
controller respectively.

The approximated step responses from experiments No. 2
(FOPID), 6 (FOPI) and 10 (FOPD) are compared to the ana-
lytical one in Figures 1-3.

Comparison of step responses analytical vs approximated for
experiments No. 2 (FOPID), 6 (FOPI) and 10 (FOPD) is illu-
strated by Figures 1-3.

The analysis of the tables 2 and 3 allows to conclude that the
FOBD gives more accurate approximation for FOPID and FOPI
controllers, but for FOPD controller the use of CFE assures
better accuracy.

In addition, the good accuracy of the FOPID employing
the FOBD requires to apply of shorter sample time, than CFE.

3.2. The numerical complexity
Next the numerical complexity was examined. Tests consist in
measuring of duration of computation of the step response for

Tab. 4. The parameters of computers used to experiments
Tab. 4. Parametry komputerdw uzytych do eksperymentéw

Computer No. 1
Parameter
Processor Intel(R) Core(TM) i5-8600K CPU@3.60 GHz
RAM 16 GB
(O] Windows 10 Pro
MATLAB R2016b
Computer No. 2
Parameter
Processor Intel(R) Core(TM) i7-10700 CPUG@2.90 GHz
RAM 16 GB
0S Windows 11 Pro
MATLAB R2020b

each approximation 1000 times. Step responses were calculated
using MATLAB function step, their duration Tropp.crp WaS
measured with the use of MATLAB functions tic and toc. Tests
were done at two PC computers and using various versions of
MATLAB. Parameters of the computers used to experiments
are given in the Table 4. Experiments were done for parame-
ters sets No. 2, 6 and 10 from Tables 2 and 3. The mean values
of Toopps Tope and standard deviations o .., 0., obtained
from each test are collected in the Table 5. Results presented
in the Table 5 show that the calculations executed at the 7
core computer are a little bit faster than at 5 core computer
for FOBD approximation only. For CFE this difference is negli-
gible. This is caused by the fact that the order of the CFE
model is significantly lower that order of the FOBD model.
Next, the duration of calculations does not depend on the
version of controller — the “full” version with integration and
derivation is computed in the same time as “reduced” versions
FOPI and FOPD. This is caused by the fact that the order of

approximation is the same for each version.



Tab. 5. Mean values and standard deviations of duration T,
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and T,

FOBD CFE

in seconds from both computers

Tab. 5. Wartosci $rednie i odchylenia standardowe czasow obliczen T, i T, dla obu komputerow
Computer No. 1
Experiment No Tromn O vonp T Ocrp
2 2.9359¢-04 1.4428e-05 2.0393¢-04 1.3842¢-05
6 3.0342e-04x 1.7937e-05 2.0696e-04 2.4762e-05
10 3.1582e-04 3,0884e-05 2.0136e-04 1.1842e-05
Computer No. 2
Experiment No Tromn O vonp T Cpp
2 2.4462¢-04 7.9362e-05 5 2.0185e-04 1636e-06
6 2.2387e-04 1.6100e-05 1.9982e-04 1.0744e-05
10 1.9537e-04 1.2617e-05 1.9012e-04 1.3107e-05
4. Final Conclusions ence, May 26-29, High Tatras, Slovak Republic, 2003,

The main final conclusion from this paper is that the selection
of approximation FOBD vs CFE should be always carefully
considered with respect to accuracy and numerical complexity.
For time critical applications using FOPD control at bounded
platform the use of CFE seems to be better selection.

The spectrum of further investigations covers e.g. experimen-
tal verification of results at industrial digital control platforms:
PLC, microcontroller or robot controller.
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Analiza numeryczna dyskretnego regulatora PID niecatkowitego
rzedu, wykorzystujacego aproksymacje FOBD | CFE

Streszczenie: w pracy zaprezentowano analize numeryczng dyskretnego regulatora PID
niecatkowitego rzedu, w ktérym akcje: catkujgca i rézniczkujgca sg aproksymowane z uzyciem
dwdch typowych aproksymacii dyskretnych: FOBD i CFE. CFE jest szybsza i prostsza, natomiast nie
zawsze zapewnia wystarczajgcg doktadnosc. Dla obu badanych aproksymacji wyznaczono okres
probkowania zapewniajgcy uch najlepszg doktadnos¢ w sensie funkcji kosztu IAE. W przypadku
aproksymacji CFE w optymalizacji wykorzystano dodatkowo wspdtczynnik a. Wyniki testéw
numerycznych wskazuja, ze zastosowanie aproksymacji FOBD zapewnia lepszg doktadnosé dla
regulatoréw FOPID i FOPI, natomiast dla regulatora FOPD lepsza opcjg jest zastosowanie CFE.
Regulator FOBD dla zapewnienia dobrej doktadnosci wymaga stosowania krétszego okresu
prébkowania, niz CFE. Podsumowujac, w krytycznych czasowo aplikacjach pracujacych na sprzecie
0 ograniczonej mocy obliczeniowej (np. robotyka, sterowanie numeryczne lub urzadzenia loT) mozna
rekomendowacé zastosowanie regulatora FOPD wykorzystujgcego aproksymacje CFE.

Stowa kluczowe: regulator FOPID, aproksymacja CFE, aproksymacja FOBD, doktadnosc, wskaznik jakosci IAE, ztozonos¢ numeryczna
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