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POSITIVE FRACTIONAL LINEAR SYSTEMS 
An overview of some recent published and unpublished results on positive 
fractional continuous-time and discrete-time linear systems is given. The first part 
of the paper is devoted to the positive continuous-time fractional systems. For 
those systems the solutions to the fractional state equations are proposed. 
Necessary and sufficient conditions for the positivity, reachability and stability 
are established. In the second part similar problems are considered for positive 
discrete-time fractional systems. 

DODATNIE UK ADY LINIOWE NIECA KOWITEGO RZ DU 
W pracy dokonano syntetycznego przegl du nowych publikowanych 
i niepublikowanych wyników dotycz cych dodatnich ci g ych i dyskretnych 
uk adów liniowych nieca kowitego rz du. W cz ci pierwszej po wieconej 
uk adom ci g ym podano rozwi zanie uk adu równa  stanu, warunki konieczne 
i wystarczaj ce dodatnio ci, osi galno ci i stabilno ci uk adów dodatnich. 
W cz ci drugiej przedstawiono podobne wyniki dla uk adów dyskretnych. 

1. INTRODUCTION 
A dynamical system is called positive if and only if its trajectory starting from any 
nonnegative initial state remains forever in the positive orthant for all nonnegative inputs. An 
overview of state of the art in positive theory is given in monographs [4, 5]. Variety of models 
having positive linear behavior can be found in engineering, management sciences, 
economics, social sciences, biology and medicine, etc.. Mathematical fundamentals of the 
fractional calculus are given in the monographs [14 16]. The positive fractional linear 
systems have been introduced in [6, 7]. Stability of fractional linear 1D discrete-time and 
continuous-time systems has been investigated in the papers [1, 3, 8, 17] and of 2D fractional 
positive linear systems in [9]. The notion of practical stability of positive fractional discrete-
time linear systems has been introduced in [10] and the positive linear systems consisting of n 
subsystems with different fractional order has been analyzed in [13]. Some recent interesting 
results in fractional systems theory and its applications can be found in [18 20]. 
In this paper an overview of some recent results on positive fractional continuous-time and 
discrete-time linear systems is given. Some new unpublished results are also included. The 
paper is organized as follows. In section 2 the solutions to the fractional state equations of 
continuous-time linear systems are recalled. The necessary and sufficient conditions for the 
internal and external positivity of the fractional continuous-time linear systems are given in 
section 3. The section 4 is devoted to the linear continuous-time systems described by two 
matrix fractional differential equations of different order and the fractional electrical circuits. 
The reachability of fractional standard and positive linear systems is addressed in section 5. 
The asymptotic stability of positive continuous-time linear systems without and with delays is 
considered in section 6. The fractional discrete-time linear systems are addressed in section 7. 
The internally and externally positive fractional discrete-time linear systems are considered in 
section 8 and the reachability in section 9. The asymptotic stability of positive discrete-time 
linear systems is analyzed in section 10 and fractional different orders discrete-time linear 
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systems in section 11. Some concluding remarks, extensions and open problems are given in 
section 12. 
The following notation will be used:   the set of real numbers, Z   the set of nonnegative 
integers, mn   the set of mn  real matrices, mn   the set of mn  matrices with 
nonnegative entries and 1nn , nI   the nn  identity matrix. A real square matrix is 
called monomial if each its row and each its column contains only one positive entry and the 
remaining entries are zero. 

2. FRACTIONAL CONTINUOUS-TIME LINEAR SYSTEMS 
In this paper first of all the following Caputo definition of the fractional derivative will be 
used [7] 
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The Riemann-Liouville definition of the fractional derivative has the form [7] 
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where nn 1 , Nn .         
Consider the continuous-time fractional linear system described by the state equations [7] 

10),()()()( tButAx
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txdtxDt                                         (2.5a) 

)()()( tDutCxty                                                           (2.5b) 
where ,)( ntx  ,)( mtu  pty )(  are the state, input and output vectors and ,nnA  

,mnB  ,npC  .mpD  

Theorem 2.1. The solution of equation (2.5a) is given by 
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and )(AtE  is the Mittage-Leffler matrix function, 
0

1)( dttex xt  is the gamma function. 

Proof is given in [7, 6].  
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From (2.7) and (2.8) for 1 we have 
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Example 2.1. Find the solution of equation (2.5a) for 10  and  
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Using (2.7) and (2.8) we obtain 
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Substitution of (2.9) and 1)(tu  into (2.6) yields 
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since ).()1(  

Theorem 2.2. The solution of equation (2.5a) for nn 1  and Caputo definition has the 
form 
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Proof is given in [6, 7].  
Theorem 2.3. The solution of equation (2.5a) for nn 1  and the Riemann-Liouville 
definition has the form 
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Proof is given in [6, 7].  
From comparison of (2.12) and (2.14) it follows that the component of the solution 
corresponding to )(tu  is the same. 
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3. POSITIVITY OF THE FRACTIONAL SYSTEMS 
3.1. Internal positivity 
Definition 3.1. The fractional system (2.5) is called the internally positive fractional system if 
and only if ntx )(  and pty )(  for 0t  for any initial conditions nx0  and all 
inputs ,)( mtu  .0t  

Definition 3.2. A square real matrix ][ ijaA  is called the Metzler matrix if its off-diagonal 
entries are nonnegative, i.e. 0ija  for ji . The set nn  of Metzler matrices will be 
denoted by nM . 

Theorem 3.1. The continuous-time fractional system (2.5) is internally positive if and only if 
mpnpmn

n DCBMA ,,,                               (3.1) 
Proof is given in [7]. 
3.2. External positivity 
Definition 3.3. The fractional system (2.5) is called externally positive if and only if 

0,)( tty p  for every input 0,)( ttu m  and .00x  
Matrix of the impulse responses )(tg  of the fractional system (2.5) is given by [7] 

0for)()()( ttDBtCtg                                      (3.2) 

Theorem 3.2. The continuous-time fractional system (2.5) is externally positive if and only if 
its impulse response matrix (3.2) is nonnegative, i.e. 

0for)( ttg mp                                                 (3.3) 
Proof is given in [7]. 
The matrix of impulse responses (3.2) of internally positive system (2.5) is nonnegative for 

0t . Between the internally and external positivity we have the following relationship. 
Every fractional continuous-time (internally) positive system (2.5) is always externally 
positive. 

4. FRACTIONAL ELECTRICAL CIRCUITS 
Consider a fractional linear system described by the equation 
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where 1
1

nx  and 2
2

nx  are the state vectors, ji nn
ijA , mn

i
iB ; i, j = 1,2, and 

mu  is the input vector. 
Initial conditions for (4.1) have the form 

101 )0( xx  and 202 )0( xx                                          (4.2) 

Theorem 4.1. The solution of the equation (4.1) for 10;10  with initial 
conditions (4.2) has the form 

t

duBtBtxttx
0
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where 
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Proof is given in [11]. 
These considerations can be extended for the set of p matrix differential equations with 
different fractional orders [13]. 
Consider linear electrical circuits composed of resistors, supercondensators (ultracapacitors), 
coils and voltage (current) sources. As the state variables (the components of the state vector 
x) the voltage across the supercondensators and the currents in the coils are usually chosen. It 
is well-known that the current i(t) in supercondensator with its voltage uC(t) is related by the 
formula 

dt
tudCti C

C
)()(  for 10                                           (4.8) 

where C is the capacity of the supercondensator. 
Similarly, the voltage uL(t) on the coil with its current iL(t) is related by the formula 

Proof is given in [11]. 
Note that if  then from (4.5a) we have 
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From comparison of (4.5a) and (4.6a) and using (4.4) it is easy to show that 
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Theorem 4.2. The fractional system (4.1) for 10;10  is positive if and only if  
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dt
tidLtu L

L
)()(  for 10                                      (4.9) 

where L is the inductance of the coil. 
Using the relations (4.8), (4.9) and the Kirchhoff’s laws we may write for the fractional linear 
circuits the following state equation 

e
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where the components of 1n
Cx  are voltages across the supercondensators, the components 

of 2n
Lx  are currents in coils and the components of me  are the voltages of the circuit. 

Example 4.1. Consider the linear electrical circuit shown on Fig. 4.1 with known resistances 
321 ,, RRR , capacitances 21,CC , inductances 21, LL  and sources voltages 21,ee . 

 
Fig. 4.1. Electrical circuit. 

Using relations (4.8), (4.9) and the Kirchhoff’s laws we may write for the circuit the 
following equations. 
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The equations (4.11) can be written in the form 
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From (4.13) it follows that the fractional electrical circuit is not positive since the matrix A 
has some negative off-diagonal entries.  
If the fractional linear circuit is not positive but the matrix B has nonnegative entries (see for 
example the circuits on Fig. 4.1) then using the state-feedback 

L

C

x
x

Ke                                                       (4.14) 

we may usually choose the gain matrix nmK  so that the closed-loop system matrix 
(obtained by substitution of (4.14) into (4.10)) 

BKAAc                                                    (4.15) 
is a Metzler matrix. 

Theorem 4.3. Let A be not a Metzler matrix but mnB . Then there exists a gain matrix K 
such that the closed-loop system matrix nc MA  if and only if 

BAAB c rank],[rank                                       (4.16) 

Proof. By Kronecker-Cappely theorem the equation 
AABK c                                                  (4.17) 

has a solution K for any given B and AAc  if and only if the conditions (4.16) is satisfied.  

Example 4.2. (continuation of Example 4.1). 
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In this case the condition (4.16) is satisfied since 
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The equation (4.17) has the form 
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and its solution is 
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kkkk
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The matrix (4.21) has nonnegative entries if 0ka for k = 1,2 and kk Ra for k = 3,4. 
In [11] it was shown that it is not always possible to choose the gain matrix K so that the two 
conditions are satisfied: 

1) the closed-loop system matrix nc MA , 
2) the closed-loop system is asymptotically stable. 

5. REACHABILITY OF FRACTIONAL POSITIVE LINEAR SYSTEMS 
Definition 5.1. A state n

fx  of the positive fractional system (2.5) is called reachable in 

time ft  if there exists an input mtu )( , ],0[ ftt  which steers the state of the system (2.5) 

from zero initial state 00x  to the state .fx  If every state n
fx  is reachable in time ft  

then the system is called reachable in time ft . If for every state n
fx  there exists a time 

ft , such that the state is reachable in time ft  then the system (2.5) is called reachable. 

Theorem 5.1. The positive fractional system (2.5) is reachable in time ft  if the matrix 

                                                     
ft

TT
f dBBtR

0

)()()(                                        (5.1) 

is monomial matrix. Moreover the input which steers the state of system (2.5) from 00x  to 

fx  is given by the formula 

                                                     fff
TT xtRttBtu )()()( 1                                    (5.2) 

where T denotes the transpose. 
Proof is given in [7]. 

Theorem 5.2. If the matrix nn
naaadiagA ]...[ 21  and mnB  for m = n are 

monomial matrices then the system (2.5) is reachable. 
Proof is given in [7]. 
Example 5.1. We shall show that the fractional system (2.5) with the matrices  
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,
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is reachable. Taking into account that 
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and using (2.8) we obtain  
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In this case we have 
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The matrix (5.8) is monomial and by Theorem 3.2 the fractional system is reachable. 
The considerations can be extended for positive continuous-time linear systems with delays. 
Consider the continuous-time linear system with q delays in state 

)()()()(
1

0 tBudtxAtxAtx
q

k
kk    (5.9a) 

)()()( tDutCxty       (5.9b) 
where ntx )( , mtu )(  and pty )(  are the state, input and output vectors 

;,...,1,0, qkAk  DCB ,,  are real matrices of appropriate dimensions and kd  qk ,...,2,1  is a 
delay ( 0kd ). 
The initial conditions for (5.9a) has the form 

)()( 0 txtx  for ]0,[ dt , kk
dd max    (5.10) 

where ntx )(0  is a given. 

Definition 5.2. the system (5.9) is called (internally) positive if and only if ntx )( , 
pty )(  for any ntx )(0  and for all inputs mtu )( , 0t . 

Theorem 5.3. The system (5.9) is (internally) positive if and only if 
mpnpmnnn

kn DCBqkAMA ,,,...,1,,0   (5.11) 
Proof is given in [7]. 

6.  ASYMPTOTIC STABILITY OF POSITIVE CONTIUNUOUS-TIME LINEAR 
SYSTEMS 

Consider the autonomous continuous-time linear system 
)()( tAxtx                                                         (6.1)                     

where ntx )(  is state vector and nn
ijaA ][ . 

The system (6.1) is called (internally) positive if ntx )( , 0t  for any initial conditions 
nx )0( . The system (6.1) is positive if and only if A is a Metzler matrix [5].  It is assumed 

that all diagonal entries niaii ,...,1,  of the Metzler matrix are negative, otherwise the 
positive system (6.1) is unstable [5]. 
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Theorem 6.1. The matrix nnA  is a asymptotically stable Metzler matrix if and only if one 
of the following equivalent conditions is satisfied: 

i) all coefficients 10 ,..., naa  of the characteristic polynomial 

01
1

1 ...]det[ asasasAsI n
n

n
n                                (6.2) 

are positive, i.e. 0ia , i = 0,1,…,n – 1 
ii) all principal minors niMi ,...,1,  of the matrix A  are positive, i.e. 
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iii) the diagonal entries of the matrices 
)(k
knA  for k = 1,…,n – 1                                                (6.4) 
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for k = 0,1,…,n – 1. 

Proof is given in [7]. 
Example 6.1. Using Theorem 6.1 check the asymptotic stability of the sportive system (6.1) 
with matrix 

6.02.0
1.05.0

A .                                                    (6.6)                 

Using (6.2) we obtain 

28.01.1
6.02.0

1.05.0
]det[ 2 ss

s
s

AsIn                          (6.7) 

all coefficient of the polynomial are positive and the condition i) is satisfied. 
The condition ii) is also satisfied since 

28.0
6.02.0
1.05.0

]det[,5.0 21 AMM                             (6.8) 

Using (6.5) for n = 2 we obtain 
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0
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aaaA                             (6.9) 

Therefore, the conditions of Theorem 6.1 are met and the positive system (6.1) with (6.6) is 
asymptotically stable. 
Theorem 6.2. The positive system  

q

k
kk tBudtxAtxAtx

1
0 )()()()(                              (6.10a) 

)()()( tDutCAxty                                                        (6.10b) 
is asymptotically stable if and only if there exists a strictly positive vector n  satisfying 
the condition 

q

k
kAAA

0
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Proof is given in [7]. 
Remark 6.1. As strictly positive vector  we may choose the equilibrium point 

BuAxe
1                                                  (6.12) 

since 
0)( 1 BuBuAAA  for 0Bu                             (6.13) 

Theorem 6.3. The positive system with delays (6.10) is asymptotically stable if and only if the 
positive system without delays 

n

q

k
k MAAAxx

0
,                                        (6.14) 

is asymptotically stable. 
Proof is given in [7]. 

7. FRACTIONAL DISCRETE-TIME LINEAR SYSTEMS 
Definition 7.1. The discrete-time function 

0
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is called the fractional  order difference of the function xk. 
The state equations of fractional discrete-time linear system have the form 

1 ,k k kx Ax Bu u Z                                          (7.3a) 
k k ky Cx Du                                                       (7.3b) 

where ,n
kx  ,m

ku  p
ky  are the state, input and output vectors and ,n nA  

,n mB  ,p nC  .p mD  
Substituting the definition of fractional difference (7.1) into (7.3a), we obtain 
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Substituting the definition of fractional difference (7.1) into (7.7a), we obtain 
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If i is bounded by natural number L then from (7.8) we obtain 

ZkuBxAx
j

x
h

w
wkwwkw

L

j
jk

j
k ,)()1(

0

1

1
1

1
1                      (7.9) 

The state equations of the fractional discrete-time linear system with h delays has the form 

ZkuBxAx
j

x
h

r
rkrrkr

k

j
jk

j
k ,)()1(

0

1

1
11                   (7.10a) 

10,kkk DuCxy                              (7.10b) 
where n

kx  m
ku  p

ky  are the state, input and output vectors and nn
rA  

mn
rB , hr ,...,1,0 ; ,p nC  mpD , h is the number of delays. 

Theorem 7.2. The solution of the equation (7.10a) has the form 

h

r

r

l
lrlrk

h

r

r

l
lrlrk

k

j

j

l
ljlk

j
h

r

rk

i
irirkkk

uBxA

x
j

uBxx

0 1
1

0 1
1

1

1

1

1

1

0

1

0
10 )1(

                  (7.11) 

where 
hkux kk ,...,1,0,0,0                                         (7.12) 

1

1 1
1

( 1) ,
k

j
k k j k k

j
x x Ax Bu k Z

j                              (7.4a) 

or 

k

k

j
jk

j
kk

k

j
jk

j
kk Bux

j
xABux

j
Axx

1

2
1

1
1

1
1

1
1 )1()1(        (7.4b) 

where 
nIAA                                                       (7.5) 

From (7.4b) it follows that the fractional system is equivalent to the system with increasing 
number of delays. In practice it is assumed that j is bounded by natural number h. In this case 
the equations (7.3) take the form 

ZkBux
j

xAx k

h

j
jk

j
kk

1

1
1 )1(                          (7.6a) 

k k ky Cx Du                                                       (7.6b) 
The equations (7.6) describe a discrete-time linear system with h delays. 
Consider the fractional discrete-time linear systems with h delays 

ZkuBxAx
h

r
rkrrkrk

0
1 )(                                       (7.7a) 

kkk DuCxy                                                                  (7.7b) 
where n

kx  m
ku  p

ky  are the state, input and output vectors and nn
kA  

mn
rB , hr ,...,1,0 ; ,p nC  .p mD  
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are initial conditions and the matrices k  are determined by the equation 

n

k

i
iik

k

i
ik

i
nkk IA

i
IA 0

1

1

2
1

1
01 ,)1()(            (7.13) 

for k = 0,1,… . 
Proof is given in [7]. 
Substituting in (7.11) h = 0 we obtain the following theorem [7]. 
Theorem 7.3. The solution of the equation (7.4) has the form 

1

0
10

k

i
iikkk Buxx                                            (7.14) 

where the matrices k  are determined by the equation 

n

k

i
ik

i
nkk I

i
IA 0

1

2
1

1
1 ,)1()(                    (7.15) 

8. POSITIVE FRACTIONAL LINEAR SYSTEMS 
In this section the necessary and sufficient conditions for the positivity of the fractional 
discrete-time linear system 

1

1 1
1

( 1) ,
k

j
k k j k k

j
x x Ax Bu k Z

j                                (8.1a) 

k k ky Cx Du                                           (8.1b) 

will be established, where ,n
kx  ,m

ku  p
ky  are the state, input and output vectors 

and ,n nA  ,n mB  ,p nC  .p mD  
Let mn  be the set of real mn  matrices with the nonnegative entries and 1nn . 

Definition 8.1. The system (8.1) is called the (internally) positive fractional system if and only 
if n

kx  and ,p
ky  k Z  for every initial conditions 0

nx  and all input sequences 
,m

ku  .k Z  
In [7] it has been shown that if 10 , then 

,...2,1,0)1( 1 i
i

i                                             (8.2) 

It is easy to check that if 10  and  
nn

nIA ][                                                  (8.3) 
then 

,...2,1, knn
k                                               (8.4) 

Theorem 8.1. The fractional system (8.1) is positive if and only if 
nn

nIAA ][ , ,n mB ,p nC p mD .                       (8.5) 
Proof is given in [7]. 
Definition 8.2. The fractional discrete-time system (7.8) witch h delays is called (internally) 
positive if n

kx  and ,p
ky k Z  for every input sequence ,m

ku k Z  and any 
initial conditions nn

rx , hr ,...,1,0 . 
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Theorem 8.2. The fractional discrete-time system (7.8) witch h delays is (internally) positive 
for 0 1  if and only if 

nn
nrr IcA 1 , 

r
c r

r )1( , mn
rB , hr ,...,1,0 , ,p nC p mD .    (8.6) 

Proof is given in [7]. 
Definition 8.3. The fractional discrete-time system (8.1) is called externally positive if 

,p
ky k Z  for every input sequence ,m

ku k Z  and 0 0.x  

Theorem 8.3. The fractional discrete-time system (8.1) is externally positive if and only if its 
response matrix 

1

for 0

for 1, 2,...k k

D k
g

CA B k
                                         (8.7) 

is nonnegative, i.e. 
p m

kg   for k Z                                               (8.8) 

Proof is given in [7]. 
Every (internally) positive linear system is always externally positive. 
Example 8.1. Consider the fractional system (8.1) for 0 1  with matrices 

1 0 0
, , ( 2)

0 1
A B N                                           (8.9) 

The fractional system is positive since 

             2 21 0
0 0nA I                                               (8.10) 

Using (7.15) for 0,1,...k  we obtain 

1 0

2

2 1 0

1 0
( ) ,

0 0

5 2 0
2

( ) ,
2

(1 )0
2

n

n

A I

A I
v

 

            

3 2 1 0

2

( )
2 3

3( 5 2)( 1) ( 1)(2 5) 0
6

,...
(1 )( 2)0

2

nA I

                  (8.11) 

From (7.14) and (7.15) we have 
1

0 1
0

0
1

k

k k k i i
i

x x u                                                  (8.12) 

where k  is defined by (8.11). 
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9.  REACHABILITY OF STANDARD AND POSITIVE FRACTIONAL DISCRETE-
TIME LINEAR SYSTEMS 

9.1. Standard systems 
Definition 9.1. A state n

fx  is called reachable in q steps if there exist an input sequence 
m

ku , 0,1, , 1k q  which steers the state of the system (8.1) from zero )0( 0x  to the 
final state fx , i.e. q fx x . If every given n

fx  is reachable in q steps then the system 

(8.1) is called reachable in q steps. If for every n
fx  there exists a number q of steps such 

that the system is reachable in q steps then the system is called reachable. 
Theorem 9.1. The fractional system (8.1) is reachable in q steps if and only if 

                                                     nBBB q ]...[rank 11                                       (9.1) 
Proof is given in [7]. 
Theorem 9.2. In the condition (9.1) the matrices 11,..., q  can be substituted by the matrices 

1,..., qAA  i.e. 
                               nBABABBBB q

q ]...[rank]...[rank 1
11                 (9.2) 

Proof is given in [7]. 
Theorem 9.3. The fractional system (8.1) is reachable if and only if one of the equivalent 
conditions is satisfied: 

i) The matrix ][ BAzIn  has full rank i.e. 
   CznBAzIn ,][rank                                  (9.3) 

ii) The matrices ][ AzIn , B are relatively left prime or equivalently it is 
possible using elementary column operations (R) to reduce the matrix 

][ BAzIn  to the form ]0[ nI  i.e. 
   ]0[][ n

R
n IBAzI .                                    (9.4) 

Proof is given in [7]. 
Example 9.1. Using (9.2), (9.3) and (9.4) check the reachability of the system with the 
matrices 

   
1
0
0

,
321

100
010

BA .                                    (9.5) 

From (9.2) for n = 3 we have 

   3
731
310

100
][rank 2BABAB .                           (9.6) 

By Theorem 9.2 the pair ),( BA  is reachable. 
From (9.3) we have 

   Cz
z

z
z

BAzIn ,3
1321
010
001

rank][rank                  (9.7) 
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Using the elementary column operations we shall show that the matrix ][ AzIn  and B are 
relatively left prime 

]0[
1000
0100
001

1000
010
001

1321
010
001

3
)]1(3[

)](2[
)](21[

)](32[

)]1(41[
)]2(42[

)]3(43[

I
z

z
z

z
z

z

R
R

zR

zR

R
R

zR

                        (9.8) 

Therefore, by Theorem 9.3 the pair ),( BA  is reachable.  
The fractional system is reachable only if the matrix ),( BA  has n linearly independent 
columns. 

9.2. Positive systems 
Definition 9.2. A state n

fx  of the positive fractional system (8.1) is called reachable in q 

steps if there exist an input sequence m
ku , 0,1, , 1k q  which steers the state from 

zero )0( 0x  to the final state fx , i.e. q fx x . If every given n
fx  is reachable in q steps 

then the positive system (8.1) is called reachable in q steps. If for every n
fx  there exists a 

number q of steps such that the system is reachable in q steps then the system (8.1) is called 
reachable. 
The inverse matrix of real matrix witch nonnegative entries has nonnegative entries if and 
only if it is a monomial matrix. The inverse matrix of monomial matrix can be found by its 
transposition and replacing each element of the transpose matrix by its inverse. 
Theorem 9.4. The positive fractional system (8.1) is reachable in q steps if and only if 

                                                     ]...[ 11 BBBR qq                                        (9.9) 
contains n linearly independent monomial columns. 
Proof is given in [7]. 
The matrix (9.9) can not be substituted by the matrix 

                               ]...[ 1BABABR q
q                                    (9.10) 

since for positive fractional systems the matrices in general case have different number o 
linearly independent monomial columns. 
Example 9.2. Consider the fractional positive system (8.1) with the matrices 

   
1
0
0

,
01

11
010

BA .                                    (9.11) 

In this case 

n
nIA

001
101
01

][                                        (9.12) 

and the matrix (9.10) for q = 3 has the form 
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001
010
100

][ 2BABABRq                                  (9.13) 

and it contains three linearly independent monomial columns but the matrix 

   

2
)1(01

010
100

][ 21 BBBRq                              (9.14) 

contains only two linearly independent monomial columns. 
Theorem 9.5. The positive fractional system (8.1) is reachable only if the matrix 

   ][ BIA n                                                     (9.15) 
contains n linearly independent monomial columns. 
Proof is given in [7]. 
Example 9.3. Consider the fractional system (8.1) with the matrices (9.11). Using (9.9) we 
obtain 

   
01
00

][ 12 BBR                                          (9.16) 

which has only one monomial column. By Theorem 9.4 the system with (9.11) is unreachable. 
However using (9.15), we obtain matrix 

100
001

][ BIA n                                        (9.17) 

which has two linearly independent monomial columns. 
Theorem 9.6. The positive fractional system (8.1) is reachable only if the matrix 

   ])([ BIAB n                                                     (9.18) 
contains n linearly independent monomial columns 
Proof is given in [7]. 

10.  ASYMPTOTIC STABILITY OF POSITIVE DISCRETE-TIME LINEAR 
SYSTEMS 

Consider the positive linear discrete-time system 
1 ,i i ix Ax Bu i Z                                      (10.1a) 
i i iy Cx Du                                                   (10.1b)  

where, p
i

m
i

n
i yux ,,  are the state, input and output vectors and, 

,, mnnn BA   mpnp DC , . 

The positive system (10.1) is called asymptotically stable if the solution 
0

i
ix A x                                                         (10.2) 

of the equation 
ZiAAxx nn

ii ,,1                                          (10.3) 
satisfies the condition 

lim 0ii
x   for every nx0                                        (10.4) 
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Theorem 10.1. The positive system (10.3) is asymptotically stable if and only if one of the 
following conditions is satisfied: 

1) All eigenvalues 1 2, , , nz z z  of the matrix A  satisfy the condition 1kz  for 
1, ,k n ; 

2) 0]det[ AzIn  for 1z ; 
3) ( ) 1A  where ( )A  is the spectral radius of the matrix A defined by 

1
( ) max kk n
A z ; 

4) All coefficients iâ , 1,...,1,0 ni  of the characteristic polynomial  
         01

1
1 ˆˆ...ˆ])1(det[)( azazazAzIzp n

n
n

nA                    (10.5) 
are positive; 

5) All principal minors of the matrix 

         

11 12 1

21 22 2

1 2

n

n
n

n n nn

a a a
a a a

A I A

a a a

                                         (10.6) 

are positive, i.e.  

       11 12
11

21 22

0, 0, ...,det 0
a a

a A
a a                                    (10.7) 

6) There exists a strictly positive vector 0x  (all components are positive) such that 
0nA I x                                                   (10.8) 

7) All diagonal entries of the matrices )(k
knA  for k = 1,…,n – 1 are negative  

  where the matrices )(k
knA  are defined as follows 

]...[,

...

...

...
,

...

...

...

)0(
1,

)0(
1,

)0(
1

)0(
,1

)0(
,1

)0(
1

)0(
1,1

)0(
1,1

)0(
1,1

)0(
11

)0(
1)0(

,
)0(
1

)0(
1

)0(
1

)0(
,

)0(
1,

)0(
,1

)0(
11

)0(

nnnn

nn

n

n

nnn

n

n
nnn

nn

nnn

n

nn

aac
a

a
b

aa

aa
A

ac
bA

aa

aa
IAA

     (10.9a) 

  for k = 0,1,…,n – 1 and 

]...[,

,
...
...
...

)(
1,

)(
1,

)(
1

)(
,1

)(
,1

)(
1

)(
,

)(
1

)(
1

)(
1

)(
,

)(
1,

)(
,1

)(
11

)1(
1,1

)1()1(
)1()(

k
knkn

k
kn

k
kn

k
knkn

k
kn

k
kn

k
knkn

k
kn

k
kn

k
kn

k
knkn

k
kn

k
kn

k

k
knkn

k
kn

k
knn

kn
k

kn

aac
a

a
b

ac
bA

aa

aa

a
cbAA

      (10.9b) 

Proof is given in [7]. 
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Theorem 10.2. The positive system (10.3) is unstable if at least one diagonal entry of the 
matrix A  is greater than 1. 
Proof is given in [7]. 
Example 10.1. Using the conditions of Theorem 10.1 check the asymptotic stability of the 
positive system (10.3) with matrix 

         
4.000
5.03.00

12.01.0
A .                                              (10.10) 

The matrix (10.10) has the eigenvalues 4.0,3.0,1.0 321 zzz . The condition 1) is 
satisfied and the system is asymptotically stable. 
The condition 2) is also satisfied since 

         1for0
4.000

5.03.00
12.01.0

]det[ 3 z
z

z
z

AzI .               (10.11) 

The spectral radius of the matrix is equal to 
         14.0max)(

31 kk
zA                                          (10.12) 

and the condition 3) is satisfied. 
In this case the characteristic polynomial (10.5) 

378.059.14.2

6.000
5.07.00

12.09.0
])1(det[)(

13 zzz

z
z

z
AzIzp

n

nA                       (10.13) 

and all its coefficients are positive. Therefore, the condition 4) is satisfied. 
The condition 5) is also satisfied since all principal minors of the matrix 

6.000
5.07.00

12.09.0

3 AIA                                       (10.14) 

are positive 

378.0det,63.0
7.00
2.09.0

,9.0 21 AMM                    (10.15) 

As the strictly positive vector x  in (10.8) we choose the equilibrium point of the system 
(10.1) for TiBu ]111[3 , i.e. 

63.0
99.0

344.1

378.0
1

1
1
1

6.000
5.07.00

12.09.0
1][

1

3
1

3 AIx .                 (10.16) 

This vector satisfies the condition (10.8) since 
nnnnn AIIAxIA 11]][[][ 1 .                              (10.17) 

Therefore, the condition 6) is also satisfied. 
In this case using (10.9) we obtain the following matrices 
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].9.0[
7.0

02.09.0

,
7.00

2.09.0
6.0

00
5.0

1

7.00
2.09.0

,
6.000

5.07.00
12.09.0

)2(
1

)1(
2

)0(
3

A

AA
 (10.18) 

All these matrices have negative diagonal entries. Therefore, the condition 7) is also satisfied 
and the positive system is asymptotically stable. 

11. FRACTIONAL DIFFERENT ORDERS DISCRETE-TIME LINEAR SYSTEMS 
Consider the fractional different order discrete-time linear system 

)()()()1(
)()()()1(

22221212

12121111

kuBkxAkxAkx
kuBkxAkxAkx

                          (11.1) 

where 1)(1
nkx  and 2)(2

nkx  are the state vectors, ji nn
ijA , mn

i
iB ; i, j = 1,2, and 

mku )(  is the input vector. 
The fractional derivative of  order is defined by 

!
)1)...(1()1()1()(

)()()()1()(
00

j
j

j
jc

jkxjcjkx
j

kx

jj

k

j

k

j

j

                      (11.2) 

Using (11.2) we can write the equation (11.1) in the form 

)()1()()()()1(

)()1()()()()1(

2

1

2
2221212

1

1

2
1212111

kuBjkxjckxAkxAkx

kuBjkxjckxAkxAkx

k

j

k

j               (11.3) 

Theorem 11.1. The solution to the fractional equation (10.1) with initial conditions 
101 )0( xx , 202 )0( xx  is given by 

1

0 2

1
1

20

10

2

1 )(
)(
)( k

i
ikk iu

B
B

x
x

kx
kx

                                    (11.4) 

where k  is defined by 

,...2,1
,...,2,1
0

for
for
for

...
...

)(

1211

01211

21

lki
ki

i

DDA
DDA

nnnI

kikii

iii

n

i

i

                   (11.5) 

Consider the fractional different orders discrete-time linear systems described by the equation 
(10.1) and 

)(
)(
)(

)(
2

1 kDu
kx
kx

Cky                                        (11.6) 

where 1)(1
nkx , 2)(2

nkx , mku )( , pky )(  are the state, input and output vectors, 
npC , mpD . 
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12. CONCLUDING REMARKS 
An overview of some new results on positive fractional continuous-time and discrete-time 
linear systems has been presented. In the first part of the paper the positivity, reachability and 
stability of the fractional continuous-time linear systems have been addressed. In the second 
part similar problems for fractional discrete-time linear system have been addressed. 
The presented considerations can be extended for positive 2D linear systems and 2D 
continuous-discrete linear systems [5, 7]. Extensions of these considerations for fractional 2D 
continuous-time linear and nonlinear system are open problems. 
An open problem is also an extension of these considerations for fractional positive switched 
linear systems. 
ACKNOWLEGMENT 
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